Atmosphere, Ocean and Climate Dynamics
Answers to Chapter 4

1. Show that the buoyancy frequency, Eq.(4.22), may be written in terms
of the environmental temperature profile thus
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where 'y is the dry adiabatic lapse rate.

Using the definition (4.17) for the environmental potential temperature
0p, Eq. (4.22) gives
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But, from the ideal gas law (1.1), Tz /pe = (Rpy) ", while hydrostatic
balance (3.3) we have dpg/dz = —gpg, whence
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where I'y = gr/R = g/c, is the adiabatic lapse rate.

2. From the temperature (T') profile shown in Fig.4.9:

(a) estimate the tropospheric lapse rate and compare to the dry adia-
batic lapse rate.
The mean temperature gradient, with respect to pressure, over
the layer 700 — 300h Pa is approximately 07" /0p ~ 45 K /400 h Pa
~ 1.1 x 1073 KPa™'. Using the ideal gas law (1.1), a mean
temperature (see part (b) of this question) of 260 K and a mean
pressure py = 500 hPa, the mean density of the layer is p, =
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po/ (RT,) = 5 x 10*/ (387 x 260) = 0.50 kg m~3. Hence, using
hydrostatic balance (3,3),

oT 0T Op oT _3 -3 ~1
— = ——=—gp— =~ —9.81x0.50x1.1x107° ~ —=5.4x107° K

0z  Op oz P op e
1.€., the mean lapse rate is about 5.4 K km™ ", compared with the
adiabatic lapse rate I'y = g/c, = 9.8 K m™'. So this temperature
profile is stable to unsaturated convection.

1

(b) estimate the pressure scale height RTy/g, where T, is the mean
temperature over the 700 mbar to 300 mbar layer.

Estimating the mean temperature in the layer to be T, ~ 260 K,
the corresponding scale height is H = RT, /g = 287 x 260/9.81 =
7.6 km.

(c) estimate the period of buoyancy oscillations in mid-troposphere.
Using the result from Q.1, the buoyancy frequency N is given by
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Substituting from our estimates,
9.81
2~ 350 [-5.4+98 x 10 =1.7x10"* 572,

whence the buoyancy period is 27 /N =~ 27 /4/1.7 x 10~4 ~ 480 s.

3. Consider the laboratory convection experiment described in section 4.2.4.
The thermodynamic equation (horizontally averaged over the tank) can
be written:

dI' H
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where h is the depth of the convection layer — see Fig.4.28 — H is the
(constant) heat flux coming in at the bottom from the heating pad, p is
the density, c, is the specific heat, t is time and T is temperature.

We observe that the temperature in the convection layer is almost ho-
mogeneous and ‘joins on’ to the linear stratification into which the con-
vection is burrowing, as sketched in Fig.4.28. Show that if this is the
case, Fq.(4.31) can be written thus:
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where T, 1s assumed to be constant.

If the stratification is linear (7, = constant) and the temperature of
the boundary layer joins on to it (as sketched in the figure) then the
temperature of the boundary layer is directly related to its depth A
and, to within a constant, can be written, T = T,h. Thus, Eq.(1) can
be rearranged to yield the equation above.

Solve the above equation for h(t) and hence show that the depth and
temperature of the convecting layer increases like \/t. Sketch the form
the solution for h(t) and T'(t).

Solving we find that:

2 2
h? = H_torh: H_\/{s

pcp T, pcp T,

if H and T, are constant. Thus h and, in view of T = T,h, T both
increase like v/, as sketched here.

lh or T (nordglized)
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(a) Is your solution consistent with the plot of the temperature evolu-
tion from the laboratory experiment shown in Fig.4.87

Yes, the experimental data is consistent with a v/t dependence.

(b) How would T have varied with time if initially the water in the
tank had been of uniform temperature (i.e. was unstratified)? You
may assume that the water remains well mized at all times and so
18 of uniform temperature.



In this case the depth of the fluid undergoing convective mixing is
constant and Eq.(4.31) therefore implies that 7" increases linearly
with time.

4. Consider an atmospheric temperature profile at dawn with a tempera-
ture discontinuity (inversion) at 1km, and a tropopause at 11km, such
that

10°C, 2 < 1km
T(z)=<X [15—=8(z—1)]°C 1< 2z < 1lkm
—65°C z > 11km

(where here z is expressed in km). Following sunrise at 6 a.m. until 1
p.m., the surface temperature steadily increases from its initial value of
10°C' at a rate of 3°C per hour. Assuming that convection penetrates
to the level at which air parcels originating at the surface attain neutral
buoyancy, describe the evolution during this time of convection

(a) if the surface air is completely dry;

(b) if the surface air is saturated.

[You may assume that unsaturated (saturated) air parcels follow the
dry (moist) adiabatic lapse rate of 10Kkm™' (7K km™) under all
conditions (even at finite displacements).]

a) As the ground starts to warm after dawn (temperature T = (10 + 3t)°C,
where ¢ is time in hours after 6am), parcels from the surface will
be positively buoyant until they reach an altitude z;,,(km) such
that
Ts - 1OZtop = /Ilmzt

Zop Will reach 1km when T, = 20°C, at 9:20am. Until that time,
convection cannot extend above a level z,,, which is less than
lkm. (E.g., at 8:00am, T = 16°C, 21, = 0.6km.) 2z, remains
at 1km until T, = 25°C, at 11:00am. After that time, convection
will extend beyond 1km, in fact to z;,, where

Ts — 10ztop =23 — 8Zt0p s

ie.,
1
Ztop = 5 (Ts — 23) .
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Thus, the depth of convection will gradually increase as Ty in-
creases (since the background lapse rate above 1km, —8K km™!,
is greater than —I'y), reaching 4km at 1:00pm, when T = 31°C.

b) The maximum height of convection, 2, (the level of neutral buoy-
ancy), is now defined by

Ts - 7Ztop = Linat-

Qualitatively, the early development of convection is similar to
that of the dry case. Convection first reaches 1km when T, =
17°C, at 8:20am, and remains at that level until T, = 22°C, at
10:00am. After 10:00, however, the situation changes rapidly.
If T, > 22°C then, after the parcel passes lkm altitude, it re-
mains positively buoyant all the way to the tropopause, because
the environmental lapse rate above 1km is conditionally unstable
(dT/dz < —T). In fact, after 10:00, the level of neutral buoyancy
is given by
Ts — Tzpp = —65 .

Just after 10:00 (7 = 22°C), therefore, convection extends all the
way to 12§km. The reason for the dramatic difference from the
unsaturated case is that the lapse rate above the inversion ex-
ceeds the saturated lapse rate: the profile is conditionally unsta-
ble. Thus, once surface air becomes warm enough to penetrate the
inversion, it rises all the way to the tropopause. After this time,
Ztop increases slowly to a value 13§km at 1:00pm, when T, = 31°C.

5. For a perfect gas undergoing changes d1' in temperature and dV in
specific volume, the change ds in specific entropy, s, is given by

T ds =c,dl'+pdV .
(a) Hence, for unsaturated air, show that potential temperature 0
()
p

(notation defined in notes) is a measure of specific entropy; specif-
ically, that
5 = cpIn6 + constant .
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where ¢, and c, are specific heats at constant volume and constant
pressure, respectively.

Change in entropy, ds, given by
Tds=c,dl+pdV

where specific volume change dV = d(1/p) = d(RT/p) = %dT -
1
p—pdp. So :

pdV =RdT ~ —dp.

Hence ]
T ds = cpdI — ;dp ,

where ¢, = ¢, + R, and so

ds = cp% - R% . (1)

Now, potential temperature is

ezT(@> ,
P

where pg is a constant. Therefore

d@:dT(@> —£<@) dp
p p \p

or

a9 T dp
?—dlne—?—ﬁg
50 dr  d
p
c,,dln@ = Cp? - R? y (2)

since k = R/c,. Comparing (1) and (2),
ds = cpdInf |

or s = ¢, In f+constant .



(b) Show that if the environmental lapse rate is dry adiabatic, then it
has constant potential temperature.
From part (a) we have s = ¢, In 0+ constant, thus ds = ¢,d(In ) =
cp%e. When the parcel is moved adiabatically, no heat is exchanged
with the surroundings - d@) = T'ds = 0 - its entropy is conserved.
From the relation ds = ¢,d(Inf) = cp%,we see that df = 0, i.e.
the potential temperature is conserved when the parcel is moved
adiabatically.

6. Investigate under what conditions we may approxrimate Cpdeq* by d <CLp—qT>
in the derivation of Eq.(4.30). Is this a good approximation in typical

atmospheric conditions?

The key assumption made in the derivation of (4.30) is that, in the

expression
Lqg L Lqg
d = dq — dr
(cpT) e, T ¢ ,I?

the second term may be ignored compared to the first. If we rewrite

the equation as
g(La _ L (dq _dT
oT) cT\q T)’

we can see that the neglect of the second term is tantamount to as-
suming that |6 (In7)| < |6 (Ing)| . Now, from the global mean mois-
ture profile shown in Fig. 3.3, over the altitude range from the sur-
face to 400 hPa ¢ decreases from about 17 to about 1g kg™ ', whence
16 (Ing)| =~ In (0.017) — In (0.001) ~ 2.8, whereas, over the same height
range, T varies from about 288 to about 253 K, whence |§ (InT")| ~
In (288) — In(253) ~ 0.13. Hence, for this example, neglect of the
second term results in a fractional error of a little less than 5%.

. Assume the atmosphere is isothermal with temperature 280K. Deter-
mine the potential temperature at altitudes of 5km, 10km, and 20 km
above the surface. If an air parcel were moved adiabatically from 10km
to 5km, what would its temperature be on arrival?

For an isothermal atmosphere with temperature 7', pressure varies with
altitude as

p(2) = psexp (—%) :
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where p, is surface pressure (1000hPa) and the scale height is H =
RT/g (in our usual notation). Given 7" = 280K,

287 x 280

981 m = 8.192km .

Potential temperature is

where k = 2/7.
z = 5km : .
p(5km) = 1000 exp(—m) = 543hPa.
2
Therefore 6(5km) = 280 x (&2)7 = 333K.
z = 10km:
(10km) = 1000 exp(—— ) — 295hPa
= Xp(———=) = .
P PR 02

— 0(10km) = 280 x (L20)7 = 397K

295
z = 20km:

20
20km) =1 ———) = 87hPa.
p(20km) 000 exp( 8.192) 87hPa

o

1000
6(20km) = 280 X (-3??—> = 563K.

In an air parcel is moved adiabatically from 10km to 5km, it will con-
serve its potential temperature. Therefore, on arrival at Skm, it will
have the same 6 as when it left 10km, i.e., 397K. Its temperature on
arrival is therefore

2
p\" 543 \ 7
T=0(=) =397x [ —) =333K =60°C (!).
(ps> 397 x <1ooo> 333K = 60°C (1)



8.

10.

Somewhere (in a galaxy far, far away) there is a planet whose at-
mosphere is just like that of the Earth in all respects but one — it
contains no moisture. The planet’s troposphere is maintained by con-
vection to be neutrally stable to vertical displacements. Its stratosphere
s in radiative equilibrium, at a uniform temperature —80°C, and tem-
perature is continuous across the tropopause. If the surface pressure
is 1000hPa, and equatorial surface temperature is 32°C, what is the
pressure at the equatorial tropopause?

If the troposphere is neutrally stable to dry convection, then potential
temperature 6 is uniform with height within the troposphere. Since
0 = T = 305K at the surface (p = pg), 0 has this value at all heights.
At the tropopause, the temperature is equal to the stratospheric value,
—80°C = 193K, and its potential temperature must also be ¢ = 305K.
Since = T (p/po) ", where k = 2/7 for the atmosphere, the pressure
at the tropopause must therefore be

1 7
T\~ 193 ?
= — | = 1000 — | =201.6 hPa.

Compare the dry-adiabatic lapse rate on Jupiter with that of Earth given
that the gravitational acceleration on Jupiter is 26 ms=2 and its at-
mosphere is composed almost entirely of hydrogen and therefore has a
different value of c,.

The ¢, of hydrogen gas is 14 x 10®°J kg™' K™' and so the ratio of
dry-adiabatic lapse rates on Jupiter and Earth is, using Eq.(4.14):

Cp.]upiter - gJupngr > CpEarth . 26 1005

o8l “Taxip O

cpEarth gEarth CpJupitcr

In Section 3.3 we showed that the pressure of an isothermal atmosphere
varies exponentially with height. Consider now an atmosphere with uni-
form potential temperature. Find how pressure varies with height, and
show in particular that such an atmosphere has a discrete top (where
p — 0) at altitude RT,/ (kg), where R, K, and g have their usual mean-
ings, and Ty 1s the temperature at 1000hPa pressure.

In hydrostatic balance, and for a perfect gas,

@ = —gp = _gi
0z RT
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An atmosphere with uniform potential temperature has

0=T (Q) = constant = Ty ,
p

where Tj is the temperature where p = po (1000hPa). Hence T =
To (p/po)", so

o __ pir
0z RTO )
Hence .
k—1 dPo
dp = — d
p p RT, Z
SO

p\" Ky
L) =2 40
(Po) RTy

where C' is a constant. Since z = 0 where p = pg, C = 1 and so

ﬁ_ll_@r
Do RT,|

Thus, pressure vanishes at a height zp = RTy/kg. Note that zy is a
factor 1/k (= 7/2) times the scale height based on surface temperature.
Above 2y, the above solution is not valid (since there is no atmosphere
there). Note also that " — 0 there; in fact zj is exactly the height at
which 7" — 0 following the adiabatic lapse rate —g/c, from the surface.

11. Consider the convective circulation shouwn below.

—_

o

F e
- O

Air rises in the center of the system; condensation occurs at altitude
zp = lkm (pp = 880hPa), and the convective cell (cloud is shown by
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the shading) extends up to zp = 9km (pr = 330hPa), at which point
the air diverges and descends adiabatically in the downdraft region. The
temperature at the condensation level, Ty, is 20°C. Assume all conden-
sate falls out immediately as rain.

(a)
(b)

Determine the specific humidity at an altitude of 3km within the
cloud.

The upward flux of air, per unit horizontal area, through the cloud
at any level z is w(z)p(z), where p is the density of dry air and w
the vertical velocity. Mass balance requires that this flux be inde-
pendent of height within the cloud. Consider the net upward flux
of water vapor within the cloud and hence show that the rainfall
rate below the cloud (in units of mass per unit area per unit time)
is Wppg (g« — qur], where the subscripts “g” and “r” denote the
values at cloud base and cloud top, respectively. If wg = 5cm s7 1,

and pg = 1.0kg m=3, determine the rainfall rate in cm per day.

Within the cloud, assume that air is saturated and the tempera-
ture therefore decreases with height at the saturated lapse rate 7K
km~!. At 3km altitude, 2km above cloud base, the temperature
therefore is 20— 14 = 6°C. At 6°C, from Fig. 1.5, saturation vapor
pressure is e, >~ 10hPa. To estimate pressure at this altitude, use

dp

0z RT’

and use the mean temperature T =13°C = 286K for the layer
between the level of interest and cloud base. (Since T' varies by
no more than +7K from this value, the error will be no more than

2.5%.) Then

In p(3km g oz
siinp) = PRI~

where 6z = 2km, so
RT

9.81 x 2000
287 x 286

)
p(3km) = ppexp (_g Z>

= 880 X exp (— ) = 693hPa .
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Now, since the air is saturated, its specific humidity equals g,
which is

R

 Ryp

where R, is the gas constant for water vapor, so the specific hu-
midity at 3km is

qx

287 10
— =90gkg "

7= 162~ 693

. The mass flux, M(z) = wp, at altitude z, expresses the fact that a
mass M of air crosses a unit cross-sectional area at altitude z per
unit time. If the mixing ratio of water vapor (specific humidity)
is ¢, then unit mass of air contains a mass ¢ of water vapor.
Therefore, the mass of water vapor crossing unit area per unit
time is just Mg = wpq. Since the air is saturated everywhere
within the cloud, the flux of water vapor within it is just wpq,.
Given that there is no mass flux out of the sides of the cloud, the
net flux of water vapor into the cloud is

WBpPRA4«xB — WrPrqsT -

However, the mass flux of dry air must (because of air mass con-
servation) be the same at all heights, so wrpp, = wppg, whence
the net flux of water vapor into the cloud (mass of water vapor
per unit horizontal area per unit time) is

F= WBPp (q*B - Q*T) .

This will be positive (since ¢, will decrease with altitude through
the cloud), so there is a net flux of water vapor into the cloud,
which must condense into liquid water. If all liquid water falls out
as rain, then the rainfall rate, in terms of mass of liquid water per
unit horizontal area per unit time, is just F'.

Within the cloud, the air is saturated, so 9T/0z = —7K km™!.
The temperature at cloud top, 8km above cloud base, is therefore
20—56 = —36°C. From Fig. 1.5, we estimate the saturation vapor
pressures as esp = €5(20C) ~ 24hPa; e;r = e,(—36C) < 1hPa.
Since saturation specific humidity is

fie

q*:RUp,
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we have

287 24

5= — X — =0.01 = 16. kot
0B 462><880 0.0169 (=16.9 g kg™ ")
and 287 1
» — x — = 0.0019 (= 1. ke 1) .
7 < 75 X a5 0.0019 (=19gkg ")

Thus, neglecting ¢, will incur a maximum error of a little over
10%. So the net rainfall rate is

r = wppg[GB — ¢r] = WBPRYLB
0.05 x 1.0 x 0.0169
8.45 x 107 *kg m?s™' .

To convert this to more conventional units of depth per unit time,
note that 1kg m™2 corresponds to a depth of 1/p,, = 107>m of
water, where p,, = 103%kg m—3 is the density of liquid water. So

45 x 1074
poo BAXAUT s 10 s
Pu
= 8.45x 1077 x 86400 = 7.30 x 1072 m day "
7.30 cm day .

12. Observations show that, over the Sahara, air continuously subsides
(hence the Saharan climate). Consider an air parcel subsiding in this
region, where the environmental temperature T, decreases with altitude
at the constant rate of TK km™".

(a) Suppose the air parcel leaves height z with the environmental tem-
perature. Assuming the displacement to be adiabatic, show that,
after a time Ot, the parcel is warmer than its environment by an
amount wS 0t, where w s the subsidence velocity and

dl, g

S

Y
dz ¢,

where ¢, is the specific heat at constant pressure.
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(b) Suppose now that the displacement is not adiabatic, but that the
parcel cools radiatively at such a rate that its temperature 1s always
the same as its environment (so the circulation is in equilibrium).
Show that the radiative rate of energy loss per unit volume must
be pc,wS, and hence that the net radiative loss to space, per unit
horizontal area, must be

o0 c Ds
/ pe,wsS dz = —p/ wS dp
0 9 Jo

where p, 1s surface pressure and p s the air density.

(¢) Radiative measurements show that, over the Sahara, energy is be-
ing lost to space at a net, annually-averaged rate of 20 Wm=2. Es-
timate the vertically-averaged (and annually-averaged) subsidence
velocity.

(a) As the parcel descends adiabatically from height 2 (starting with
the environmental temperature T,(z)), its temperature will in-
crease according to the dry adiabatic lapse rate I'y = ¢/c, (using
our usual notation). [Note that, since the parcel will warm on de-
scent, it will not saturate—even if it is saturated initially—so the
dry value is the appropriate one.| After a time dt, the parcel will
have descended a distance 0z = w dt, where w is the subsidence
velocity, and so its temperature will be

Tparcel = Te<z) + Fd 0z = Te(Z) + iw ot .

Cp

The environmental temperature at height z — §z (given that the
environmental lapse rate is linear in z) is

dT, dT,
dz="T,(z) —

P dzwét.

To(z—06z) =T.(z) —
Therefore the temperature excess of the parcel is
0T = Tharcer — Te(z — 62) = Swét |

where
dl, g

S:

dz ¢,
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Note that S is a measure of the static stability of the environment—
it expresses the departure of the atmospheric lapse rate from the
adiabatic value. Since we are told that dT./dz = —7K km™! is
constant, S will be constant also, S = 3K km™!.

(b) In order for the parcel to maintain the environmental temperature,
it must cool. Think of the sequence as a series of steps: adiabatic
descent for a very short time dt, followed by non-adiabatic cooling
to the environmental temperature (at constant pressure, since the
parcel pressure must always equal that of the environment). After
descending for a short time 0t, the required heat loss per unit
volume, 00, is

0Q = pc,0T = pe,wsS 6t .

Therefore the heat loss per unit volume per unit time is

0Q

— = pc,wS .

6t P P
Integrating in the vertical, and then using hydrostatic balance
dp = —gp dz, the net cooling per unit horizontal area is

[ee} o Ds
Jeool = / @dz = / pcywS dz = @/ wSdp. (3)
o Ot 0 g Jo

QED. Note that the greater the stability .5, or subsidence velocity
w, the greater the cooling must be to sustain equilibrium.

(c) Observations show that, on the annual average, J.po = 20Wm 2.
Since S is constant, we can rewrite (3) as

cpS
—Ps\W) ,
g (w)

<w>=i/0pswdp

Ps
is the vertically (pressure) averaged and annually-averaged subsi-
dence velocity. Therefore

J cool —

where

o chool
<w> - CpSps
9.81 x 20 »

1005 x 3 x 103 x 105 >

= 0.65 mm s .
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